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AHSTRAC'r 
In tlds paper the author defines the concept of first 
order separation in an ~rbitrary two-dimension~l acoustic 
field, This definition is intimately related to the Fourier 
expansj_on on the plane, and as a result, provides a very ele-
. 
uant and useful tool with which to wor·k, r.::, Employing this 
tool enables the discussion of separability with respect to 
any four channel system. By mathematically characterizing 
the arbitrary four channel system the author defines the 
transmissio.n matrix, T, from which the separability of a 
given quadriphonic system may be determined. Finally, the 
author compares the first order separation of a number of 
4-2-4 and 4-J-4 schemes to the ideal, or discrete,· four 
channel system, 
1 
INTRODUCTION 
With the inexorable advance in electronic sophistica-
tion over the past decade has come the accompanying advance 
in the field of audio engineering. The advent of four 
channel, or quadriphonic, sound is revolutionizing the audio 
field just as stereo did in the early sixties. The quest 
for a compatible and effective way to transmit four channels 
has created a flood of new products on the audio entertain-
ment market. As a result the general public, and ultimately 
the FCC, has been forced to decide among the many different 
approachs, And there is no simple answer to the question, 
"Which is best", Compounding this dilemma is the antiquated 
way in which four channel system performance is measured, 
Anyone who has read one of the numerous articles comparing 
one "matrix" system to another knows what it is like to be 
.bombarded by rating such as "19 dB front right to left sepa-
ration". The clumsy use of phasor notation only clouds the 
issues further. 
It is unfortunately typical that the electronic~ in-
dustry always lags behind in its mathematical development, 
and the field of quadriphonics is no exception, The purpose 
of this paper is thus to help the audio engineering field to 
catch up to itself mathematically in a practical way. Since 
the nebulous concept of separability is usually at the root 
of four channel confusion, the main goal of this paper·will 
be to define, in a general sense, what we mean by separation 
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and to develop a mathematical and practical way of measuring 
it. The results of these efforts will be applied to a gen-
eral analysis of contemporary quadriphonic transmission-- in-
cluding discrete, 4-2-4, and 4-J-4 systems, 
J 
I. S~PAHA'rION IN AN AHBI'I1HAfH' ACOUS'.rIC li'l~LD 
We must now search for a generalized method for defining 
and measuring separation in a two-dimensional acoustic sound 
field. For the analysis to follow, we choose an unbiased 
observer situated at the origin of a conveniently oriented 
coordinate plane, The observer will passively note the pres-
ence of sound sources about him. The idea is, of course, to 
capture the essence of a listener's perception of an acoustic 
field mathematically, 
To complete the picture we now assume that a collection 
of speakers (sound sources) is situated in the plane as shown 
below. 
Arbitrary Speaker Placement 
y 
The location of each speaker is then uniquely determined 
by the coordinate pair, (r,I), We may further simplify 
matters by choosing all the r's to be equal to some unit 
magnitude, This proves to be no real restriction since any 
deviation from this circular symmetry can be accounted for 
by appropriate transformations of the matrix equations de-
scribed later, With this in mind, we may now determine 
the location of a speaker by simply the angle, I, it makes 
with the positive x-axis, 
Until now, although it may appear different, we have 
used a conventional approach, A significant departure from 
the conventional approach occurs when we consider the di- · 
rectionality of a speaker, and incorporate that ~onsideration 
into our mathematics, Under actual listening conditions a 
sp~aker will radiate sound in many directions, Indeed, when 
we say that a sound is coming from a particular direction, 
we should actually be saying that we hear a predominance of 
that sound coming from the particular direction, specified 
by the angle, p, with lesser amounts coming from nearby di-
rections--e.g., !±8, e~o. Once we accept this fact we can 
understand how sound sources with different orientations 
blend continuously and smoothly around the horizon. 
Now we are left with the problem of how to characterize 
this new sense of directionality mathematically. This writer 
chooses the following solution to the problem. Though .the 
solution is some~hat subjective, it complies with one's in-
5 
tuitive feel for the problem with respect to a standard car-
diodal radiation pattern for speakers, In addition, it sup-
plies us with a convenient mathematical representation with 
which it will be simple to work, As a solution, therefore, 
we make the following assumptions, 
1,) Given that one of a collection of sound 
sources, Si, is located in a direction, Ii, 
from the origin, our observer will "hear" sound 
coming from the range of angles, (11-,,./2, li+ir/2), 
due to Si• He will hear, of course, a predom-
inance of Si coming from the direction, Ii• 
2,) The decay of the sound strength due to Si• 
at angles away from Ii is governed by the co-
sine function, In other words, if we let Hi(8) 
be a function denoting the strength of the sig-
nal due to Si received ~y the observer from the 
direction designated by the angle e, then we 
write, 
(1,1) 
(1,2) 
elsewhere, 
J,) Assuming that the sound source, Si, is a 
speaker responding to a signal fi(t), we write, 
{ 
f1(t)cos(e-/1) 
Hi (8, t) = 
0 elsewhere, 
4,) Finally, the total signal that the ob-
6 
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(1.)) 
server at the ori~in hears is the linear sum 
of all the functions H1(e,t). Thus we write, 
H(8,t) = L H1(8,t) 
i 
H(8,t) is the sir,nal due to all the speakers, 
S1, t=l,2, ... ,N; each excited by a sip.;nal 
f1(t), 1=1,2, •.• ,N. 
We now have a mathematical representation or an arbi-
trary aooustio fi~ld as our oheerver at tt10 ori~in per-
oei vea it. At th1.s point we may now consider what we mean 
by •separation" in this acoustic field. Separation is 
best defined by our ability to detect directionality. For 
example, in the case of stereo we are aware of' separation 
because the two channels allow for the independent place-
ment of sounds on the "left" or the "right." This intrinsic 
separability gives one the illusion that different sounds 
are coming from different directions. The effect can be 
quite pronounced when one listens to music through head-
phones. Yet, although we are very familiar with this ef-
fect it is hard to formulate a concrete definition. The 
problem is compounded when we try to speak of separation 
with respect to quadriphonic music. The audio industry has 
adopted its own standard solution to this problem. 
When an audio engineer speaks of sepiration he is 
generally referring to a maximum capability. For example, 
consider a stereo record on which only one of the channels 
7 
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is carrying music while the other is silent (we neglect 
noise). This record is now played through a system under 
test. Theoretically, only one speaker should be excited; 
however, in practice, the "silent" speaker will also be 
excited to a lesser extent. The audio engineer will then 
measure the ratio of sound power in one speaker to the 
other, and. this will provide him with a measure of sepa-
rability. This is common practice in the field and leads 
to typical figures of around JO dB separation for stereo 
discs. This practice has been extended to quadriphonics. 
While the method. described above may be adequate to 
describe separation in a two channel system, this writer 
feels that it· is quite insufficient in characterizing the 
more generalized concept of separation required to analyze 
sound in a plane; as is the case in quadriphonic listening. 
We must reformulate our definition of separability spme-
what to provide a more flexible basis for discussion, To 
do this there is one thing which must be kept in mind. 
One usually associates the notion of separability with a 
system capability. In other words, we will commonly speak 
of stereo disc or FM multiplex separation. We do this be-
. cause the .media associated with these things limits the 
amount of independence we can achieve between the channels. 
Thus we are searching for a general.approach which is ulti-
' 
mately caJ:8ble of providing information about many (i~ not 
·all) of the commercial systems in use today, and those 
8 
which may be developed in the future. 
We will begin by again looking at an arbitrary acousti-
cal field, with our observer in the middle. We will assume 
that an arbitrary system--e.g., FM receiver and amplifiers, 
etc.--is driving a collection speakers oriented in our co-
ordinate plane. Furthermore, a distinct sound--e.g., a 
pianist, a drummer, etc.--is assumed to be emanating from 
one or more of the speakers. Because of superposition·, we 
may neglect the presence of all other competing sounds, and 
set them to zero for simplicity.. Except in a trivial case, 
the observer will sense that the sound is coming from a 
particular direction. But this sense of directionality may 
not be pronounced, since more than one speaker may be car-
ryin~ the signal, thus effectively spreading out the sound, 
Once again, however, we are hard pressed to rigorously 
characterize what we ( the observer) hear::. Consequently, 
we must be ~ore precise. In order to measure separation, 
which in some way defines a maximum capg.bility of·our sys-
tem, we must excite the system in such a way that yields a 
maximum sense of directionality, and then find out to what 
extent we have succeeded in localizing a given sound. To 
I clarify this statement, consider the following example: We 
wish to measure the separability of a 4-2-4 matrix encoder-
decoder system, such as Sansui's or Columbia's. At the im-
put we will excite only the right·rront channel with a test 
signal. Then, at the output, several speakers will be ex-9 
cited. We now try to measure to what extent the test signal 
actually appears to be emanating from the right front speaker 
direction. If we can do this, we will have succeeded in as-
certaining the separability of the system. That is a typi-
cal practical exa1J1ple of the type to be discussed later. 
The problem or how to measure this degree or localiza-
tion referred to above is now at hand. We introduce a 
mathematical technique which will furnish a very useful 
method of describing separabi.li ty. Any acoustic field in 
the plane can be represented by a two dimensional trigono-
metric Fourier series. In other words, if H(e,t) is an ar-
bitrary acoustic field, we can write the following: 
00 
H(e,t) = J: (a1(t)cos(10)+b1(t)sin(i8)) i=O 
The very important point of interest here is that the co-
efficients of this Fourier series, ai(t) and b1(t), are 
closely related to the separability about which we are 
curious. While the higher orrler terms are difficult to ex-
plain, the terms where 1•1 have particular signlfloanoe. 
Let us look at them more closely. From Fourier analysis we 
know that we can write, 
and 
J 
.aw 
H(e,t)cose d8 
0 
Jlff' b1 ( t) a 1/2 0 H ( 8, t) s 1n8 d8 
From here, it can be seen that a1(t) and b1(t) are closely 10 
\ 
related to what la ~ene"1lly referred to as right-to-left 
and front-to-b.1ok separation, respectively. The integrals 
nre rei1 lly eumrnl nr: the e ip;m1 ln from nround the horizon or 
the plane in such a way that contributions from different 
angles are wei~hted in a specific manner, according to the 
cosine or the sine function. The weighting is quite logi-
cal leading us to a very firm intuitive definition of sepa-
ration to follow. 
To clarify the above comments let us take a look at 
a1(t) and see why it is closely related to right-to-left 
separation. Beturning to our observer in the plane, let us 
assume that he is facing the positive y-axis and is listen-
ing to the soloist described earlier. Any sounds which 
emanate from the right half plane (-.T/2~8<,,./2) will give 
him the illusion that the soloist is on his righ~ and simi-
larly, any sounds from the left half plane will tend to 
place the soloist on his left. Furthermor~ sounds coming 
directly from the left or right (8=0orw) will contribute 
more to his sensation of side-to-side placement than will 
sounds coming from directions nearly in front or nearly in 
back of him (8=±T/2). Thus to see how the sounds coming 
from the right half plane contribute to side-to-side place-
ment of the soloist, we want to sum the signals on the in-
terval (-T/2,T/2), weighting those signals co~ing directly 
from the right most heavily. Multiplying H(8,t) with the 
weighting function cose accomplishes exactly what we want 
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it to do, The cosine function has a maximum at 8=0 and 
equals zero when 9=± w/2. The zero at 8=±T/2 is desir-
able since sounds coming from directly in front of, or in 
back of, the observer contribute neither to the right nor 
the left. The cosine also appropriately takes on negative 
values in the left half plane which indicates that sounds 
on the left detract from any total illusion that the solo-
ist. is located on the right. 
In light of these considerations it would. indeed seem 
logical that a1(t) in some manner characterizes right-to-
left separation and in a similar way b1(t) characterizes 
front-to-back separation--the sine function has its maxi-
mum at 8=T/2 or right in front, We may generalize these 
results by saying that a1 (t) and b1(t) are closely related 
to measures of first order separation on the plane. The 
rearler should note that a1(t) and. b1(t) are essentially the 
same except for the fact that they characterize separabil-
ity in different directions. We may define the general 
term, c1 ( t) , that equals a1 ( t) and. b1 ( t) in special cases 
as follows: 
where 
lTf' 
c1 ( t) :; 1/2 J · , H(e, t)cos (8-.:) d8 
0 
. 
for o< =O 
for oe =T/2 
The final step 1s· taken when we calculate c1(t) for a 12. 
\ 
maximally directional acoustic field. That is to say we 
excite the input of a system under test in such a way that 
causes the observer to hear a soloist most precisely in a 
given direction, a.nd then measure c1 (t). We are now ready 
to define first order separation with the parameter 5.c. 
(1.4) s:"ace,t)cos(9-.c) d9 Jill' H ( 8, t) d8 
0 
where H(8,t) is a maximally directional field in the di-
rection of 8=oe. 
The denominator of equation 1.4 normalizes 5.c, thus 
compensating for changes in.gain from one test to another. 
Whenoe =O, So equals right-to-left separation,. and when 
«=T/2, S,v.., equals front-to-back separation. 
Equation t .4 is valid for any two dimensional acoustic 
field created by an arbitrary oollection_of sound sources, 
or speakers, in the plane. We may, however, reduce this· 
equation to a simpler form which will provide us with a very 
convenient tool to measure separation in oommeroial systems, 
Recalling equation t.), we may write 
J;,,~ H1 (8, t)cos(8-oe) d8 
1:11 ~ H1 ( 9, t) d0 
L J2"H1(8,t)oos(8-oe) d8 
a l 0 
~ s:~ H1 (8, t) d8 
lJ 
\ 
Using the definition of Hi(8,t), we may change the limits 
of integration and evaluate the definite integrals, Thus 
we write, 
s = 
)d8 
And finally we have, 
(1,S) s = t 
Equation 1,5 above defines first order separation in 
an arbitrary acoustic field in the plane, which is what we 
hoped to accomplish, In the context of the discourse to 
follow, it is convenient to be more explicit about the mean-
ing of the functions, fi(t), We will generally wish to let 
f i ( t) re·present the power emanating from the sound source 
at Ii• This is appropriate because of the way we perceive 
sounds in practice. In a strict mathematical sense, out of 
phase signals in different speakers will cause cancellations 
in the acoustic field, resulting in possibly erroneous values 
for s~. Although out of phase signals are usually avoided 
when possible because of the disturbing psychoacoustic.ef-
fects they can create, an· observer will normally perceive 
14 
the !Y!!!. of the signals, Thus to a good approximation, our 
ears respond to energy instead of phase, This prompts us 
to adopt the following general definition for s~. 
(1.6) 
where Ci(t) is the electronic signal exciting the 
speaker at Ii, and it is assumed that we have a 
maximally directional sound field in the direction 
of o<, 
Now we have a suitable definition of first order separation 
with which to work, 
15 
II, GENERAL SYSTEM STRUCTURE 
With a solid definition of first order separation to 
guide us, we may now turn to a general systems analysis, 
In chapter III, this analysis will be specialized to help 
us take a 1look at some of the products available today which 
are used to carry quadriphonic sound to the public, 
First let us consider the generalized model of an M-N-M 
channel transmission system below, 
M-N-M Channel Transmission System 
M-channel ~ encoder i"\rN-channel decoder input medium M-channel output 
An M-channel signal is fed into a network (the encoder) which 
creates an N-channel signal (N~M), The. latter is transmit-
ted to the receiving end where the original signal is re-
claimed in as best a way possible, The. N-channel signal 
may be in the form of a quadriphonic disc or a discrete tape, 
or perhaps an FM transmission, 
We must now characterize this system, To do this we 
will use matrix notation which will prove to be very conven-
ient for the purpose of analysis, Let us define C and C' as 
follows, 
16 
C 1 ( t) Ci(t) 
(2,1) - c2(t) c• c2(t) C = • 
• 
= • 
• • 
• • Cm(t) c~(t) 
e corresponds to the input signal with M component. channels, 
c1(t) through cm(t), C' corresponds to the output signal 
with M derived channels, c{(t) through Cm(t). The N-channel 
signal may be written as follows, 
s1(t) allcl(t) + a12c2(t) + ••• + almcm(t) 
s2(t) a21c1(t) + a22c2(t) + • • • + a2mcm(t) -s = • = • • • 
• • • • 
• • • • sn(t) an1c1(t) + an2c2(t) + ••• + anmcm(t) 
(2 ,2) 
all a12 '·· 'alm c1(t) 
a21 a22 '' ' 8 2m C2 (t) 
= • • • • 
• • • • 
• • • • 
anl an2 •••a nm cm(t) 
- -
= A C 
-S corresponds to the N-channel signal with components, s1(t) 
... ,. th~ough sn ( t) P and A is the encoding matrix whose com-ponents 
are complex numbers a To derive the output signal, C', we 
also define the decoding matrix, D, 
17 
d11s1(t) + d12s2(t) + ••• + dlnsn(t) 
d21s1(t) + d22s2(t) + • • • + d2nsn(t) c• = • • • 
• • • 
• • • 
dm1s1(t) + dm2S2 (t) + ••• + dmnsn(t) 
(2,3) d11 d12 I I Id ln s1(t) 
d21 d22 ···d2n s2(t) 
= I • I I 
• • • 
• • • 
dml dm2 ••• d mn sn(t) 
= n s 
We may now write the system equations, 
(2,4) Ac=s , i5 s = c• 
We may also write from above, 
?> (I ~) = c• or fi AC= C' , or finally 
(2 ,5) Tc = c• where T = i5 i 
Tis called the transmission matrix, and actually tells us 
··· how well the system is able to recover the original M-channel 
.. information at its input11 By knowing A and D, the encoding 
and decoding matrices, we can determine T, In the succeding 
pages we will use the above notation to investigate the prop-
erties of several important systems, 
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III, ANALYSIS OF QUADRIPHONIC SYSTEMS 
We now have the tools at our disposal to make a compre-
hensive analysis of separability in quadriphonic systems, 
which are specialized examples of the structure depicted in 
chapter II, where M=4 and N~4. We will consider several 
currently adopted systems where N=2,J, and 4, computing their 
separabilities as functions of angle, Thus, a criterion will 
be established for comparison which has hitherto been unavail-
able, 
--J,1-- Discrete 4-channel 
In the case of a discrete 4-ch~nnel system we may write 
out the general form of A and D immediately, since this is 
the simple case where we are allowed four channels to carry 
four channels of information (M=N=4), 
(J,l) A = 
a O O O 
O a O O 
O O a O 
o o o a 
-D = 
d O O 0 
o. d O 0 
0 0 d 0 
0 0 0 d 
The gain factors, a and d, may be set to unity for simplicity, 
making both A and D equal to the identity matrix, Thus Tis 
also the identity matrix by equation 2,5, Furthermore, 
c = c• , also by equation 2,5, 
19 
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This obviates the fact that discrete transmission produces 
an exact replica of the input at the output. This can be 
considered the ideal quadriphonic system. It will be both 
instructive and useful to calculate the separability of this 
system, fqr it will supply us with a standard by which we 
may judge other less than ideal systems. 
To begin, let us calculate right-to-left separation. 
First we must kno~ the location of the speakers producing 
the output acoustic field. The diagram below depicts the 
standard speaker placement. 
· Standard S:eeaker Placement 
11 = -lf/4 +(lf'/2 )i y 
sp20 <>spl 
, 
X 
spJ<> O.sp4 
It is assumed that the signals Ci through c4 (The functional 
dependence of ci and c{ on time will·!be assumed hereafter.) 
are emanating from the various speakers as shown. Now ~=O 
for right-to-left separation and, by inspection above,.we 
write the followings 
20 
.. 
' 
(J,2) Ii =-"'/4 + i('"/2) , i=1,2,3,4 
Thus we have that cos(!i-oe) = /2/2 for i=l,2,J,4 , Using 
equation 1,6, we may now write, 
( lcJ.j2+/c4j2-lc212-lcj/2) ./2/2 
4( lci/2+1c212+/c3/2+fc4/2) 
To evaluate this expression, we must excite the input of the 
system in such a way that a test signal will appear to be 
most accurately coming from the right as the observer at the 
origin perceives it, This is done by exciting channels c1 
and 04 equally, and not exciting channels c2 and 03 at all, 
We may assume that a unit test signal is employed for mathe-
matical ease, therefore, we let 01=c4=1 and c2=c3=0, which 
implies that ci=c4=1 and c2=cj=O , Hence, 
So= 
( 1+1-0-0 ) ./2/2 
4( 1+1+0+0 ) = .ft/8 
Thin reprenonta the ldeal right-to-left· separation in a quadri-
phonic syatem, By symmetry, the front-to-back separation 
will be equal to So, 
We can calculate first order separation as a function 
of directiong ~. Because of periodicity, we need only cal-
culates~ on the interval -'Tr/4 to w;4, To locate the test 
signal in the direction designated by oc~· ·we set the components 
of C in the subsequent manner; 
21 
Since C' = C for the discrete case we are considering, 
we may now write the general expression for s~. 
S" = 
(J,J) 
cos 2 (oe-"'/4) cos (oe-,r/4) + cos 2 (cit +lf /4) cos (c:< +ir /4) 
4( cos2(«-"'/4) + cos2(ct+"'/4) ) 
This result is plotted below, 
Discrete Case 
1/4 
1/8 
0 
o( 
The graph indicates that there is maximum separability 
in the direction of the speakersp as one might expect, Since 
we have just analyzed the ideal casep it would seem appro-
priate that we set the maximum separation to unity, thus nor-
malizing our definition qf first order separability completely, 
Consequently, we must modify the previous definition given 
by equation 1,6 to read, 
22 
(J,4) 
We may now turn our attention to a very important class of 
quadriphonic systems. 
--J,2-- 4-2-4 Quadriphonic Systems 
Ovor tho pRat several yoars much of the energy apent by 
the audio industry has been directed towards developing the 
so-called 11 4-2-4 matrix" systems, As the name "4-2-4" indi-
cates, we HrA apeaklng of a proceaa which takes the input 
four channels and combines them to form two composite channels 
for transmission, At the receiving end, four channels are 
again recovered which in some way approximate the original 
four, rhe idea is to communicate an acoustic field in some 
best way possible--i,e., to most closely approach discrete 
transmission, There are several 4~2-4 matrix systems on the 
market today which attempt to accomplish this task, These 
systems differ mathematically by the fact that the encoding 
and the decoding matrices are different, As we shall see, 
the different values of A and D will lead to different trans-
mission matrices, and thus, different separabilities, 
We commence by writing down the general form of the ma-
trices, A and D, 
2J 
d1 d2 
(J,5) - t1 a2 aJ a4 n = d2 d1 A = a2 al a4 aJ d3 d4 
d4 d3 
where ai and di are real numbers, 
The symmetry of the components in these matrices reflects the 
intrinsic symmetry which is required of contemporary quadri-
phonic systems, Allowing, for example, all eight of the com-
ponents of A to be independent "would lead to badly asymmetrical 
left and right encoded signals whose average amplitudes would 
not be similar and that, in turn, would lead to problems in 
disc recording (since left and right groove walls have the 
same information capability)." Thus no manufacturer has cho-
- - 1 sen to significantly upset this basic form for A and D, The 
only deviation from this symmetry has been to phase shift the 
rear channel components, leading perhaps to the typical form 
below, 
d1. d2 
A= tl a2 ja3 ja4 D= d2 d1 
a2 a1 -ja4 -ja3 
-jd3 -jd4 
jd4 jd3 
This modification does not improve or hinder system capability, 
as such (Thete are still four independent a's and four inde-
pendent d's,)o However, this scheme does have advantages which 
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will become apparent later, Since we are concerned primarily 
with the overall 4-2-4 system capability as it is related 
to separability, we will content ourselves with the simple 
form of A and D given in equation J,5, 
Knowing A and-D, we may evaluate the transmission matrix, 
a1d1+a2d2 a2d1+a1d2 a3d1+a4d2 a4d1+a3d2 
(J,6) T= a1d2+a2d1 a2d2+a1d1 a3d2+a4d1 a4d2+a3d1 
a1d3+a2d4 a2d3+a1d4 a3d3+a4d4 a4d3+a3d4 
a1d4+a2d3 a2d4+a1d3 a3d4+a4d3 a4d4+a3d3 
Of course in the general case we may write, 
t11 t12 t13 t14 
T= t21 t22 t23 t24 t1j = 
t31 t32 t33 t34 
t41 t42 t43 t44 
We will express s0 and~~, the right-to-left and front-to-
back separati~n, respectively, in terms of the components, 
tij• As before, to express So we set c1=c4=l and c2=c3=o, 
Then we have, 
1 c' 1 t11 +t14 
I t1j I 0 C2 t21 +t24 (3.7) - -T C = = = 0 Cj t31 +t.34 
1 c4 t41 +t44 
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Now from equations J.4 and J.?, we write, 
(J. 8) 
= J[/2 
Similarly, we can show that, 
( 3. 9) S = ,/2/2 
The results expressed in equations J.8 and J,9 are valid 
for every 4-2-4 system, symmetric or not. But we are only 
concerned now with the results obtained when T has the form 
given in e0uation J.6 . Using this equation, we can derive 
the following expressions for So and S~as functions of the 
a ' s an c1 :. he d ' s . 
2 2 2 2 2 2 (d1+d2+d3+d4 )((a1+a4 ) +(a2 +a3 ) ) + X (J.10) 
s1JI, = v2 /2 
2 2 (d1 +d2) -(d3+d4) 
These expressions allow us to make some qualitative comments 
about 4-2-4 separation. 
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1,) By setting d3=d4=0 and a3=-a2 , So = /2/2 , the 
ideal limit, But this leads to a very trivial form for 
D, essentially equivalent to stereo, 
2,) s~~ does not depend on the encoding process at all, 
Furthermore, the ideal limit is reached when d3=-d4. 
J.) In order to maximize So and S~1a , it would seem 
logical to adjust D to obtain the desired value of s~n , 
and then adjust A to maximize So. However, i must not 
destroy the compatibility of the system with conventional 
stereo, We see that there are severe restrictions. 
Using equation J,10 and making a trivial symmetry assump~ 
tion concerning the form of Tallows one to find the depend-
ence of s0 on S'% and vice versa, The expr·essions become 
rather unwieldy, ~owever, rendering· them almost useless as 
a tool in understanding any true relationship. 
But one interesting fact remai~s to be discussed, That 
is, while the symmetry of A and D yield. the result, 
so= slT ' 
it can be shown that 
~ = -S3%. • 
This finPlies ·,that any improvement in front-to-back separation 
will cause a degradation of back-to-front separation, and 
27 
vice versa, This is a significant result and one which man-
ufacturers are not quick to point out, What this means can 
be explained as follows, If a soloist is supposed to appear 
in front of an·observer at the origin, then the channels c1 
and c2 will be excited and at the output, if S~ ~o, the solo-
ist will appear to some extent up front, If the soloist is 
· supposed to appear behind the observer, c3 and c4 will be ex-
cited at the input and at the output the soloist will appear 
not behind, but once again up front! This suggests a severe 
limitation in 4-2-4 systems employing the type of symmetry 
depicted in equation 3,5, However, phase shifting the rear 
channel components of A and D prevents this problem, as it 
allows limited positive separation around the horizon, 
We can see how successful manufacturers have been in 
achieving good separability by computing and plottings~ 
for several systems in production, This writer has chosen 
three systems which are representative of the state of the 
r industry, The respective coding and transmission matices 
along with the associated graphs of S« are supplied on the 
next few pages, 
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A• ) Electro-Voice1 1 .2 
.2 1 
n = 
1 • 3 -,5 1 
-.608 .76 A= 
. 3 1 1 -,5 
.76 -.608 
1.06 ,5 -,3 ,9 
. 5 1.06 ,9 -,3 
if= 
-,38 ,578 1.06 -,988 
,578 -.J8 -,988 1. 06 
B,) Sansui: 1 .414 
.414 1 n = 
1 .414 -j.414 -j j .414 -j 
j -j.414 
A= 
,IH4 1 j j .414 
1,171 ,828 0 -j.828 
• 828 1.171 j .828 0 T= 
0 -j.828 1,171 .828 
j.828 0 .828 1.171 
C,) CBS-SQ: 1 0 
0 1 i5 = 
1 0 -,7 j. 7 
-,707 j,707 A= 
0 1 -j. 7 ,7 
-j,707 , 707 
1 0 -,7 ,j • 7 
0 1 -j. 7 ,7 T = 
-,707 j,707 1 0 
-j, 707 ,707 0 1 
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A1Electro-Voice 
'V",~ideal 
0 &:.• ---'--.-.----1---+---~~~'--+---+-~ 
P3 
-.5 
B1Sansui 
1 
,5 
0 
o( 
-,5 
C1CBS-SQ 1 
.5 
0 
-.5 JO 
Comments on the Separability Plots, 
A.) Here we note generally poorer than ideal perfor-
mance, yet the salient feature, of course, is the neg-
ative separation in the rear directions. This points 
out the embarrassing fact that a soloist can never be 
located in the rear! 
B.) The Sansui system with its imaginary coefficients 
solves the negative separation problem, yielding almost 
perfect symmetry around the horizon, This system is 
considered to have "J dB separation all around", 
C.) CBS has also avoided negative separation with im-
aginary coefficients, but we immediately note the gen-
erally poorer separation that even the Sansui system, 
CBS claims other advantages however, 
The plots on the preceding page are typical and indic-
ative of the kind of separation achievable using 4-2-4 sys-
tems, These do not, however, give us any information con-
cerning compatibility with stereo which is also a crucial 
factor in 4-2-4 system technology, 
--J.J-- A 4-J-4 Quadriphonic System 
It is of interest to consider one more quadriphonic sys-
tem before bringing this chapter to a close, The system pro-
posed by Fritchman, Frey, and Brown is a 4-J-4 system with 
Jl 
coding and tranomission matrices shown below, 
1 1 1 1 ,5 0 .5 
A= -1 1 1 -1 • 5 .5 0 o = 
.I. -t -1. • 5 0 •• 5 
.5 •,5 0 
1 1 0 0 
0 1 1 0 
T = 
0 0 1 1 
1 0 0 1 
The speakers at the output are placed at different locations 
than usual, however, and these new locations are described in 
the diagram below. 
4-3-4 Speaker Placement 
I 1 = <"" /2 > i 
sp2 
spJ 
J2 
y 
spl 
. X 
sp4 
Although a general discussion of this unique system would be 
beyond the scope of this paper, it is interesting to note 
the high degree of separability and symmetry obtained. First 
order separation as a function of angle is plotted here, The 
reader should note the expected increase in separation the 
three channel system has over the two channel systems, 
s. 
4-3-4 System 
1 
ideal 
0 
-.5 
This.conc~udes our discussion of quadriphonic systems. 
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CONCLUSION 
The results of the preceding pages should be self-evident. 
We have succeeded in defining the concept of first order sepa-
ration in an arbitrary two-dimensional acoustic field. This 
definition is intimately related to the Fourier expansion on 
the plane. and as a result, provides a very elegant and use-
ful tool with which to work, Employing this tool enabled the 
discussion of separability with respect to any four channel 
system. By mathematically characterizing the arbitrary four 
channel system we were able to define the transmission matrix, 
T, from which we could determine the separability of a given 
quadriphonic system, Finally, we took a look at the first 
order separation of a number of 4-2-4 and 4-J-4 schemes and 
compared them to the ideal, or discrete, four channel system, 
The study of separation need not stop here, .But this 
writer feels that the foundation has been solidly laid down, 
In addition, the study of quadriphonics is far from being 
simply the consideration of separability, Compatibility, noise, 
logic circuit enhancement of 4-2-4 systems, and a host of other 
details must all be dealt with in a proper complete analysis 
of quadriphonic transmission. Yet, despite the existance of 
these other considerations, the goal of maximum separability 
is always in the back of an engineer's mind when he endeavors 
to create or modify a system, It is with this realization in 
mind that this writer offers this paper as a relevant bontri-
bution to the study and practice. of audio engineering, J4 
FOOTNOTES 
1. Leonard Feldman, Four Channel Sound (Indianapolis• Howard W. Sams & Co., Inc., 1973), PP• )9-40. 
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